Evolutionary Regression

Vladimir Koroteyev 

Evolutionary Software, Inc.

vladimir@ev-soft.com

Abstract

A proper choice of the approximation function structure is crucial for the practical value of a mathematical model. At the same time, it is this part of the identification problem which is the least supported by traditional approximation methods. This is especially true for the optimization criterion which incorporates the requirements for a practical use of the model derived. This paper deals with the problem of finding the best structure for an empirical model and adapting a genetic algorithm to solve this problem. Further it presents the results of statistical tests of the approximation error distribution for possible model structures improved the importance of structure optimization. Further it introduces a simplified modification of GP and assesses the performance of the algorithm for the best structure recognition in the artificial and real-world problems.

Introduction
The problem of a multivariable empirical dependence recognition comes into being every time someone builds an application involving a real-world object control or optimization. The problem is in full compliance with "imprecation of complexity", i.e. the methods found to work perfectly well with relatively simple tasks do not work at all after some threshould of the number of inputs. 

In addition to the exhaustive search method, two alternate approaches to the structure adjustment are used. The first method is a direct one. It implies a gradual replenishment of the structure by its members similarly to the step-by-step regression. Various algorithms of the method use different additional value indicators of a specific member for a given task. The shortcoming of these methods resides in that the selection of a good partial structure ensures the best complete  structure only in one exceptional case, namely when the orthogonal polynomials are used. Our experiments on artificially generated dependencies (with the known best structure) showed that neither different variants of the step-by-step regression, nor the use of additional indicators can help in finding the best structure by this technique. 

The second way is quite the opposite one. At first a complete model including all possible members is formed and then, if this complete model has any excessive degree of approximation, the members with the weakest influence upon the degree are removed gradually. Various dispersion and correlation  indicators are used to estimate the value of a specific member in the complete model [1]. This approach works perfectly well for complete models including the average number of possible members K < 40. However, even a simple analysis shows its uselessness in real-world multidimensional tasks. Suppose we are going to recognize a dependence with an input vector of rate Dim(x) = m using polynomials of power k. In this case the number of possible members in the complete model is equal  to 



. Even for m = 3, k = 3 ( p =  64 ) and a simple square root criterion of approximation the complete model analysis becomes a problem because of the difficulties involved in calculating the numeric parameters.

Thus, the usual insolvency of traditional "pendulum" methods in complex problems remains in effect. On the other hand, what is the importance of finding just the best structure? Maybe an appropriate quality of approximation can be achieved on any or at least on some of structures with a close number of members? Or maybe we can sacrifice the optimum and simply increase the number of items till the appropriate quality is reached?

To get answers to these questions we carried out a series of statistical experiments using the following approach. We formed certain paragon structure 

 within predetermined limits (  m

; k

 ) using a random number generator. Then we formed a table values for input vector 

 and for the vector of numeric coefficients 

 using the random number generator again. The values of output variable y were calculated by the formula 

, where 

 is the algorithm for function calculation for chosen class of functions; 

 is a normally distributed random noise of a predetermined intensity. Thus we obtained an identification task with a known solution. Then we generated all possible structures within the same limits, calculated the numeric parameters of the best square root approximation and evaluated the approximation degree. Typical histograms of the approximation error distribution are depicted in Figure 1 and Figure 2. Figure 1 shows the distribution of the relative approximation error for the case when the number of members in each tested structure is equal to the number of members in the initial structure. As we can see, the initial structure (light rectangle) corresponds to the global minimum and cannot be replaced by a randomly chosen structure of the same complexity. Figure 2 gives an answer to the question of the possibility to compensate for an imperfection of a structure by increasing its complexity. Here we have a distribution of the approximation error for structures with the number of members twice as large as in the initial structure. As shown, even this increase in the complexity cannot change the role of the paragon structure, though the distribution is shifted in the direction of smaller errors. Besides, there are serious theoretical objections against overcomplicating the approximation model.  
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Figure 1. Histogram of relative error distribution on structures of the same complexity as

               the paragon

Thus we have the optimization problem while having no reliable methods to solve it. What else can help us in this situation if the Genetic Algorithm cannot?
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        Figure 2. Histogram of relative error distribution on structures twice as complex as 

                       the paragon 

Use of Genetic Algorithm

The robustness of the Genetic Methods to the surface type of the target function and the fact that they do not use any gradient information make it possible to put forward the task of the dependence recognition in the most natural and practicable  form:

                     S = min S(G)   provided  min 

,

                              G                                       


where S(G) is the assessment of the complexity of structure G; 

 is the  input vector; 

 is the vector of numeric parameters; 

 is the vector of calculated values in table nodes; 

 are the table values of the output variable; 

 is the approximation error sought. 

The algorithm used to solve this problem was based on a pattern similar to that of GENITOR [2]. Each offspring was formed by means of a crossover from two parents selected from a relatively small population ( 20 - 40 solutions).  After mutating the offspring it was evaluated which implied determining the numeric parameters of the best square root approximation and calculating the error itself. After that if a new solution did not already have an exact copy in the population and its grade was better then the grade of the worst member in the population the latter was immediately replaced by this novice. Hence no duplicate solutions were allowed to be the members of the population at the same time. The parents were selected uniformly and each couple was used to form only one offspring. 

In order to give the Genetic Algorithm a chance to show all its effectiveness, rather than to confine it to a regular blind random search, the target function should satisfy some essential requirements. First, this function is to be at least statistically stable in relation to what we selected to be the genes. It can be determined in the following form:

                              E(

) >>E(

),                                                     [ R1 ]

where E(.) is power of set and 

 is "stable" subset  

    

  

.

That is for the most number of solutions 

 from search space 

 a smaller change in the gene set should cause a smaller change in the function value. 

The second requirement is that the offspring must average parents solutions. It means that on most occasions, the offspring should not be further from one of its parents then the other parent is.

          

          [ R2 ]

In the case of a linear expansion we can represent the solution with a binary string with each bit corresponding to one of the possible members in a predetermined order. This choice provides independence in manipulating with genes and makes any binary string of a required length a valid description of the solution.

In order to find out if this representation meets requirement [R1] we conducted a set of experiments. At first the task was generated as above and then we made changes in the initial structure of a given intensity. A typical result of these experiments is shown in Figure 3. The monotone nature of changes in the distribution range proves that this representation is valid for using the Genetic Algorithm.




    Figure 3. Boundaries of the relative error distribution range vs deviation of the structure

                   from the best one.
In our case the convergence of the genetic search to the best structure of the model can be shown on the basis of the dependence between the approximation error and a probable number of the "correct" factors (i.e. the factors participating in the structure sought.) This dependence can be formalized as follows:

  

, where 

 is any "correct" factor.

Hence, the probability for any "correct" factor to be included into the structure is greater for a structure with a smaller approximation error. This dependence for the linear regression models was corroborated experimentally.

Thus the selection of a restricted number of structures with better grades increases the probability for any "correct" factor to participate in a randomly chosen structure of the population.

  

, where 

 is a non-increasing function.     [ P1 ]

This means that any change in the population contents leads to an increase of this probability:

                              


Assume a transfer of the factors from both parents with equal probabilities. This scheme certainly meets requirement  [ R2 ] and allows us to conclude that the probability of the "correct" factor to be inherited by the offspring is equal to 

 Thus we have a positive feedback: any change in the population enhances the probability of a successful step which in its turn increases the probability of the next change in the population. This speculation explains the amazing ability of the Genetic Search to reduce the number of trials in such combinatorial tasks as ours.

Expanding this theory to the rate of mutation we concluded that it might be sufficient to provide fresh factors, which however should not be too big to infringe requirement [ R2 ]. We determined the probability of mutation on the lowest possible level :

                           

, where 

  is the number of factors in the offspring. 

The mutation itself was performed as an addition of a random factor to the structure.       

Some Empirical Results

The effectiveness of this approach was tested on trial tasks formed by the technique described above with the use of a random number generator.  In order to bring the artificial task as close to the real one as possible, we hid the solution by adding a random noise to the output variable values. The end of the evolution search was determined by the discontinuation of changes in the population during a given number of steps. After the adjustments accomplished by selecting such Genetic Search parameters as the size of the population, the algorithm of parents election, the crossover type, and the intensity of mutation we reached 100% convergence of the search to the best (initial) structure in all the artificial tasks with a relative noise level  below 20%. What amazed us most is that we registered less than a linear dependence between the required number of steps (formed offsprings) and the number of members-candidates to be included in the  regression model sought.

After that, using the interactive Dependence Recognition System [1] based on the approach outlined above we tried to solve a set of practical tasks of identification. Some of them related to modeling a controlled flight of an airplane. We had to  determine the integrated mathematical expressions for the main aerodynamic characteristics of the plane as well as the models of pilot-operator activities in different flight situations. Quite sufficient results were obtained in static aerodynamic characteristics recognition. This makes it possible  to use convenient mathematical formulas instead of tedious data tables for some optimization tasks. Modeling  pilot's  activity was much more difficult to effect. We constructed sufficient models based on the flight registration data  in about 1/3 of the attempts.

The next set of practical tasks was connected to the recognition of the durability characteristics for pairs of materials. The models constructed allowed us to dramatically accelerate the process of choosing the materials for mating components with required operation properties.

With a varied degree of success we used the system to build the generalization models for:

   - flight safety level forecast in Civil Aviation;

   - weather forecast based on meteorological data;

   - professional selection of pilots and flight engineers;

   - psychological test development.

Conclusion

The genetic search of the best structure of the mathematical model has proved its efficiency in the artificially formed tasks with a noise level of up to 20%. A whole set of practical problems of identification was solved using this approach. We explained our failure in some cases to find any empirical dependencies by rewording a popular remark by Confucius: "It is hard to find an empirical dependence in a limited class of functions, the more so when such a dependence does not exist at all". 

The polynomial modeling has inherent limitations and our research was nothing else but the evaluation of the possibility to solve the tasks of identification and generalization by using the Genetic Methods. We are positive that this approach is correct and the path to its further development should be headed to the hierarchical structures of the approximation function as in [3].     
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